A LARGE COLLECTION OF PRACTICE PROBLEMS Math 158, Complex Analysis

The cross-ratio of p,q,r,s € C is given by [p,q,7, 8] = %.

Recall that
eiz + e—iz eiz _ e—iz e* + e F e? — e~ %

cosz=———; sinzgz=-————; coshz=-———; sinhz=
2 ’ 21 ' 2 '

Four forms of the Cauchy-Riemann equations, where z =  + iy = re’? and
f(z) =u+iv = se*:

Uy = Vy, Sy = 5-Quy, Ug = —7T Uy, —rSs-Q. = Sp
Uy = —Vy Sy = —5-Qy Vg =T Up S, = S-Qp

(1) For each of the following parametrized curves, sketch the curve. Then find its tangent vector
~'(t) at the start point and end point. Using the arc length formula, find the length of the curve.
(a) (t) = e, t € [1,4]
(b) y(t) =€’ t € [1,2]

(©) +() = {(t+1)+i(t +2t), —2<t<0

1—t, —2<0<t<?

(2) (a) Find the points at which each of the following functions are differentiable. Are they analytic
anywhere?
e e Y(cosz+isinz) e cosz—isiny e 734+3i e [rencos?].il0+rcost)
(b) If a curve passes through the point zp = —7 with a tangent line of slope m, what can you
say about the image of that curve under the map f(z + iy) = cosx — isiny?

(3) (a) What is the derivative of f(z) = [z,—2,—1,00]? Derive this computationally and give a
geometric description of f.

(b) Write T'(z) = ;ztll as a cross-ratio map. That is, find the ¢, r, s such that T'(2) = [z, 4,1, s].

(¢) The function f(z is a Schwarz-Christoffel transformation taking the upper

- [ ==

0 V¢(¢2=1)
half-plane conformally to the interior of a square. Give a modification whose image is a rectangle
but not a square. Give a second modification whose image is a quadrilateral but not a rectangle.

(4) Some computations.
(a) Derive the trig identity sin(2z) = 2sin z cos z.

(b) Show that the derivative of tanh is sech?. At what points is the hyperbolic tangent
function angle-preserving?

(c) Compute all values of the log base i of 5. (Use principal values for logarithms.)

(5) Evaluate the following integrals, where S is a closed square with counterclockwise orientation
and vertices at +2 =4 2i.

e * cos z z "1z
° %Sz_gidz ° fqiz(%—S)d'z ° %57(22'4—1)26& ° ﬁze dz




(6)

(7)

(10)

Let D be the closed disk of radius r > 0 centered at zgp. What is the maximum value of |e3%| on
D and where is it attained?

Given a circle C' = C,.(p) centered at p of radius r, let us say that inversion in the circle is the
map Ic : C\ {p} — C with the following property: given any z € C, its image Ic(z) is the
unique point on the ray p? such that |z —p| - |I(2) —p| =72

(a) Prove that I has a continuous extension to all of C (which we will also call I), and that
it exchanges p and oo.

(b) Show that I fixes each point of C, and no other points.

(c) Prove that f(z) = 1/Z is inversion in the unit circle C' = C;(0) by checking that it matches
the description of I in this case.

(d) Suppose g(z) = z — b for some complex number b. Show that g=' o f o g is inversion in
the circle C = C4(b) of radius 1 with center b.

() Now let h(z) = £z for some real number R > 0 and show that h~! o f o h is inversion in
the circle C = Cg(0).

(f) Using the previous parts, give a formula for inversion in the arbitrary circle C,(p).

Let f(z) = e* — z. Now let L be the contour that travels the straight line from 0 to m¢ at unit
speed.

(a) What is f(L)?

(b) Give the definition of derivative. At what points does f’(z) exist? At what points is f(z)
analytic?

(c¢) Suppose v is some other contour between 0 and 7i. What can you say about fA/ f?

Series.
(a) Give a Taylor series for 22 sin(z2) about 2o = 0.

(b) Give two different Laurent series for ﬁ about zp = 0.

(c) Suppose that f(z) has a zero of order 3 at zy and g(z) has a pole of order 2 at zy. What
can you say about f(z)/g(z)?

(d) What is the radius of convergence for the Taylor series of log(z*) about zg = i +1? (With
the standard branch of log.)

Let f be an entire function and suppose a,b € C are any two distinct complex numbers. Let

Cr = {Re"} be the circle of radius R centered at 0. Let Ag = / O dz.
cr (2= a)(z-0)

(a) Evaluate the integral exactly to get an expression for Ag in terms of only f, a, and b.
(You should get a few different cases depending on the size of R. A picture will help.)

(b) Supposing f is bounded, derive an upper bound for |Ar| and prove that Rlim Ar =0.
—00

(c) Use the two previous parts to give a proof of Liouville’s theorem!

NOTE: THE ACTUAL EXAM WILL BE AT MOST HALF THIS LONG.



